We present an algorithm for computing curves and families of curves of prescribed degree and geometric genus on real rational surfaces.
Introduction
Suppose we are given a birational map H : P 2 X ⊂ P n . Algorithm 2 computes all families of curves on X of degree α, projective dimension ν − 1 and geometric genus ρ. If ν = 1, then each family consists of a single curve. We use the basepoint analyis method [7, Algorithm 1 and 2] to reduce the problem of computing curves in a surface to the problem of computing elements in a unimodular lattice. In order to clarify the input/output specification of Algorithm 2 we list some classical usecase examples that we can compute:
• Both 1-dimensional family of lines on a hyperboloid of one sheet. These families were discovered by [14, Christopher Wren, 1669] . In [9, 10] algorithms are proposed to compute families of lines on X, in case X is geometrically ruled. Such families are represented in terms of reparametrizations of H and it is shown that basepoints of H can be moved to the line at infinity. In [1] an algorithm is proposed to compute straight lines in a rational surface, using methods from differential geometry. The more general algorithm proposed in his article, has the advantage we can also compute curves that are not reached by the parametrization H [7, Section 4.1]. However, as the parametric degree of H : P 2 X ⊂ P n and embedding dimension n is increasing, our algorithm is less likely to terminate. The bottleneck is the basepoint analysis step [7, Remark 1] . It is likely that there exists rational surfaces where the methods of [1, 9, 10] are favourable, when computing straight lines contained in these surfaces.
We explain the structure of this paper by summarizing the main steps of Algorithm 2. After introducing basic notions in §2, we analyze in §3 the basepoints of the linear series corresponding to the map H. From these basepoints we recover generators for the Neron-Severi lattice N (X). In §4 and §5 we compute with Algorithm 1 a set of candidate divisor classes A ⊂ N (X) using input α and ρ. For each class c ∈ A we compute a linear series |c| in the plane. The linear series |c| is valid if it is of the requested projective dimension ν − 1 and if the general curve in the linear series is irreducible.
The curve H(C) ⊂ X is of given degree and geometric genus for all curves C in a valid linear series |c|. In §6 we explain Algorithm 2 with an example. In §7 we compute circles in rational surfaces, by composing the birational map H with an inverse stereographic projection.
Preliminaries

Real varieties
We define a real variety X as a complex variety together with an antiholomorphic involution σ : X −→ X, called the real structure. We implicitly assume that all structures are compatible with the real structure. For example, the birational map P : P 2 X is real unless explicitly stated otherwise. The smooth model of a surface X is a birational morphism Y −→ X from a nonsingular surface Y , that does not contract exceptional curves.
Neron-Severi lattice
For computational purposes, we make the data associated the well-known Neron-Severi lattice explicit [3, page 461] . The Neron-Severi lattice N (X) of a rational surface X ⊂ P n consists of the following data:
1. A unimodular lattice defined by divisor classes on the smooth model Y of X, modulo numerical equivalence.
2. A basis for the lattice. We say that a basis is of type 1 if the generators are e 0 , e 1 , . . . , e r such that the nonzero intersections are e 5. Two distinguished elements h, k ∈ N (X) corresponding to class of a hyperplane sections and the canonical class respectively.
Complete families
We assume that X ⊂ P n is a rational surface such that linear-, algebraicand numerical-equivalence of divisors on X coincide.
A family is defined as a divisor F ⊂ X × P m such that the second projection
We say that F covers X if the first projection
is defined as the curve
We can associate to a curve C ⊂ X its class of a complete irreducible family F is defined as the geometric genus of its general member. The degree of F is defined as the degree of any member with respect to the embedding X ⊂ P n .
Computing the Neron-Severi lattice
In this section we explain in terms of an example, how to compute the NeronSeveri lattice of a rational surface.
We consider the following birational map:
Let |h| be the linear series associated to the birational map H so that h is the class of hyperplane sections of X. With [7, Algorithm 1] we find the basepoints of H in the affine chart U 0 ⊂ P 2 defined by x 0 = 0: The Neron-Severi lattice of X has a basis of type 1:
N (X) = e 0 , e 1 , e 2 , e 3 , e 4 , e 5 ,
The induced real structure σ * : N (X) −→ N (X) is the identity map, since all basepoints are real. Moreover,
since h consists of cubic polynomials that pass with multiplicity one through each of the five basepoints. The smooth model Z of X is isomorphic to the projective plane blownup in the base locus of H:
The generator e 0 is the class of the pullback along τ 1 , of lines in the plane and e i for 1 ≤ i ≤ 5 is the class of the pullback of the exceptional curve resulting from the blowup of basepoint p i . The surface Z is in general not a smooth model of X, since τ 2 may contract exceptional curves. See [7, Section 4.3] for more details on computing the Neron-Severi lattice of a rational surface.
Computing families from their classes
Suppose that H : P 2 X is given by (1) and that F ⊂ X ×P m is a complete family. In this section we explain in terms of examples how to compute from the class [F ] ∈ N (X) the following attributes as defined in §2.3 (see also [7, Section 4.4 
]):
• A complete linear series L so that H(C) ⊂ X is a member of F for all curves C in L. By abuse of notation we shall denote [
•
, and degree deg F .
• Reducibility of F .
We computed in §3 the Neron-Severi lattice N (X) and we know that
for some c i ∈ Z for 0 ≤ i ≤ 5. Now there are two possibilities:
1. c 0 > 0 and c i ≤ 0 for i > 0. The members of the family F are in this case, via τ 2 * • τ * 1 , strict transforms of curves in P 2 of degree c 0 that pass through basepoints p i with multiplicity −c i .
2.
[F ] = e i for some i > 0. In this case F is a 0-dimensional family whose unique member is τ 2 (E) ⊂ X, where E ⊂ Z is an exceptional curve such that τ 1 (E) = p i ∈ P 2 .
We remark that if p i is infinitely near to p j then there is exists a curve in Z with class e i − e j . This (-2)-curve is contracted to an isolated singularity by τ 2 : Z −→ X.
We will now consider several scenarios, where we determine attributes of F when only its class [F ] ∈ N (X) is given.
• 
dimensional complete family of conics on X. We consider the following parametrization of C α :
Notice that H • G :
X is a reparametrization of X such that if we fix α ∈ P 1 then we obtain a parametrization of the conic
• Suppose that [F ] = e 0 −e 1 −e 2 −e 3 . The curve in G, through basepoints p 1 , p 2 and p 3 , is after projectivization the line 
Algorithms
We introduce in this section algorithms for computing complete irreducible families on rational surfaces of prescribed degree, dimension and arithmetic genus.
Algorithm 1. (find elements in Neron-Severi lattice)
• Input:
1. The class of hyperplane sections h = h 0 e 0 + . . . + h r e r in a NeronSeveri lattice N (X) with respect to type 1 basis e 0 , . . . , e r .
2. Integers α, β ∈ Z ≥0 .
• Output:
The set of classes c ∈ N (X) such that h · c = α, c 2 = β and either one of the following three conditions is satisfied:
1. c = e i − e j for some 0 < i, j ≤ r.
2. c = e i for some i > 0.
3. c · e i > 0 for all 0 ≤ i ≤ r.
• Method: We use notation c = c 0 e 0 + . . . + c r e r . • Input: A birational map H : P 2 X ⊂ P n and integers α, ν, ρ ∈ Z ≥0 .
• Output: Classes of complete irreducible families F ⊂ X × P ν−1 with prescribed degree α, dimension ν − 1 and geometric genus ρ:
• Method:
1. Compute N (X) with type 1 basis e 0 , . . . , e r by computing the base locus of H [7, Algorithm 1 and Section 4.3] such that h ∈ N (X) is the class of the linear series associated to H.
2. We call Algorithm 1 with input h, α and β, where β runs from −2 to ν + ρ − 2. Let A be the union of the outputs for each β. Each element in A is a vector with respect to the type 1 basis of N (X). return B
Notice that we discussed step 3 of Algorithm 2 in §4. We will see in Example 1 a scenario where the linear series has unassigned basepoints in H.
Theorem 1. (complete families on rational surfaces algorithm)
Algorithm 1 and Algorithm 2 are correct.
Proof. The halting of Algorithm 1 follows from the Cauchy-Schwarz inequal-ity:
Thus we require that
The correctness of Algorithm 1 is now straightforward.
For the correctness of Algorithm 2 we recall that
The arithmetic genus formula states that
follows from Riemann-Roch theorem and Serre duality that
The sum of these equations implies that 
Computing lines and conics on a surface
In §4 we computed some lines and a family of conics on X from a given birational map H : P 2 X as defined at (1) . In this section we would like to compute all lines and families of conics of X.
For computing all lines contained in X, we call Algorithm 2 with input H, α = 1, ν = 1 and ρ = 0. In the first step of the algorithm we compute N (X) as discussed in §3. Since the real structure σ : X −→ X acts as the identity on N (X), all lines will be real. In the second step we call Algorithm 1 with α = 1, β ∈ [−2, −1] so that the union of outputs is A = { e i , e 0 − e i − e j , 2e 0 − e 1 − . . . − e 5 | 0 < i < j ≤ 5 }.
In the third step we verify which of these classes correspond to complete irreducible families (see §4). Thus we verify whether the general curve in the linear series of a class is irreducible. The output of Algorithm 2 is: B = {e 1 , e 2 , e 3 , e 4 , e 0 −e 1 −e 4 , e 0 −e 2 −e 4 , e 0 −e 3 −e 4 , e 0 −e 4 −e 5 }. For computing all conics in X we call Algorithm 2 with H, α = 2, ν = 2 and ρ = 0. In this case A = { e 0 − e i , 2e 0 − e i − e j − e k | 0 < i < j < k ≤ 5 } and the output of Algorithm 2 is B = { e 0 − e 1 , e 0 − e 2 , e 0 − e 3 , e 0 − e 4 , 2e 0 − e 1 − e 2 − e 4 − e 5 , 2e 0 − e 1 − e 3 − e 4 − e 5 , 2e 0 − e 2 − e 3 − e 4 − e 5 }.
In §4 we parametrized conics with class e 0 − e 4 . The remaining families of conics can similarly be represented by a parametrization.
Computing circles on surfaces
In order to compute circles on rational surfaces we consider the Möbius sphere
A circle in S n is defined as a real irreducible conic. The Möbius sphere is topologically the projective closure of the one-point-compactification S n of R n , such that circles and lines in R n correspond to circles in S n . The stereographic projection with center (1 : 0 : . . . : 0 : 1) ∈ S n is defined as
with inverse n . We can recover R n from S n as the affine chart
Notice that circles in S n that pass through the center of stereographic projection correspond to lines in P n .
Example 1. (Roman surface)
We consider the Roman surface (see Figure 1 ) with parametrization
The inverse stereographic projection of the roman surface X ⊂ P 3 into S 3 has parametrization 
{ x ∈ P
2 | x 0 + x 1 + x 2 = 0 } composed with the map P : P 2 −→ X, is the parametrization of a circle in X. Similarly, we obtain for the remaining classes the linear series L 34 = (x 0 − x 1 − x 2 ), L 56 = (x 0 + x 1 − x 2 ) and L 78 = (x 0 − x 1 + x 2 ).
Remark 1. (circles versus lines)
Suppose that H : P } is the Euclidean absolute. The real irreducible conics in P 4 that meet A in two complex conjugate points correspond to circles. Thus if C ⊂ X is a real irreducible conic and #H −1 (C) ∩ B = 2 then C is a circle.
For example, we compute with [7, Algorithm 2] the curves in the linear series L 4 of §4 that pass through two given complex conjugate points of B.
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